The orbit tracking of free-evolutionary target system in closed quantum systems is studied in this paper. Based on the concept of system control theory, the unitary transformation is applied to change the time-dependent target function into a stationary target state so that the orbit tracking problem is changed into the state transfer one. A Lyapunov function with virtual mechanical quantity P is employed to design a control law for such a state transferring. The target states in density matrix are grouped into two classes: diagonal and non-diagonal. The specific convergent conditions for target state of diagonal mixed-states are derived. In the case that the target state is a non-diagonal superposition state, we propose a non-diagonal P construction method; if the target state is a non-diagonal mixed-state we use a unitary transformation to change it into a diagonal state and design a diagonal P. In such a way, the orbit tracking problem with arbitrary initial state is properly solved. The explicit expressions of P are derived to obtain a convergent control law. At last, the system simulation experiments are performed on a two-level quantum system and the tracking process is illustrated on the Bloch sphere.
Introduction
Advance in laser technology has prompted the development of quantum control. Over the last few decades, a series of research results have been widely used in chemical reactions [1] , molecular motion [2] , quantum teleportation [3] and so on. After the intensive study for half a century, many methods in classical control theory have been introduced into microcosm conditionally, such as optimal control [4] [5] [6] [7] [8] [9] , adaptive control [10] [11] [12] and the Lyapunov-based control [13] [14] [15] [16] [17] [18] [19] 22] . According to the fact that the system is isolated or interacts with environment, a quantum system can be divided into the closed or open quantum systems. In a closed quantum system, the system is in unitary evolution. In an open quantum system, the leakage of information from system to environment leads to the un-unitary evolution. 
ρ . Obviously, the feature analysis of closed quantum systems is easier. In fact, the study of closed quantum systems is the basis of open quantum systems' research. Currently, there are still a lot of unresolved problems in control characteristics and methods in closed quantum systems. They deserve to be further studied.
From the system control perspective, two types of control problems can be classified in quantum systems. One is the state transferring or state preparation, which means to transfer an arbitrary initial state to a desired target state under the action of control law designed by means of a suitable kind of system control theory. The other one is the tracking control which consists of the orbit tracking and the trajectory tracking. The orbit tracking refers to track a free-evolutionary system of the target system, where the target system has the same free Hamiltonian 0 H with the system controlled. The orbit tracking is a unique phenomenon in quantum systems because there always exists the free-evolution even without control. The trajectory tracking contains two kinds.
The first tracking is to track another target quantum system: . So the orbit tracking is a special case of the trajectory tracking. The second kind is to track an arbitrary time-dependent function, such as ramp function, step function and so on. The trajectory tracking problem is usually solved by way of changing it into the state transferring (steering) problem. So the key point of solving the trajectory tracking problem in quantum systems is to solve the problem of state transferring, which has been a research hotspot for a long time [5, 6, 20] . In recent years, some papers on quantum orbit tracking were also reported [7, 8, 13, 14, 19, 21] . Among them, optimal control was employed to study orbit tracking [7, 8] , where the orbit tracking of the target state with non-degenerate eigen-spectrum was fully studied [13] . Furthermore, the convergent control laws for pure states were investigated [19, 21] . Among many control methods, the control strategy based on Lyapunov stability theorem is local optimal. It is only a stable control in general, which has an error in the control system. Because the control in quantum systems is probabilistic, it can not guarantee the system converges to the desired target state under a stable control law if there is an error. For this reason, a convergent rather than just stable Lyapunov control law is needed in quantum systems control, which has been a research focus for several years. So far, the effective control laws based on Lyapunov method for convergent state transferring with target state of eigenstate and diagonal mixed-state in closed quantum system were solved [20, 24] , however, it is still an open problem to completely transfer the non-diagonal target states. A Lyapunov function based on virtual mechanical quantity P was proposed to get the convergent conditions of the diagonal mixed-state [24] . However, it did not give specific instructions on how to design the P.
The orbit tracking of free-evolutionary target system in quantum systems is studied based on the Lyapunov method in this paper. After changing the tracking problem into the state transfer problem, we focus on the convergence problem of state transferring. Two objectives are expected: 1) a convergent control law is derived for complete state transfer between arbitrary states; 2) a control method for tracking a free-evolutionary target system is proposed based on 1).
The rest of the paper is organized as follows. In Sec.2 the system model is described by the Liouville equation. The Lyapunov stability theorem is used to design the orbit tracking control law in Sec. 3. Sec. 4 is divided into two parts, the first one 4.1 is to handle the convergence of initial target state with diagonal mixes-state and the second part 4.2 is the one for non-diagonal initial target state. In Sec.5, numerical simulation experiments are performed on a two-level system to demonstrate the effectiveness of the control strategy. Finally, Sec.6 concludes this paper.
Description of the control system model
The control system model studied in this paper is described as:
where 0 H is the free Hamiltonian representing the energy of system (1) . m H represent system's control Hamiltonians, all of them will be assumed to be time-independent.
( ) For the orbit tracking problem in system (1), the target system (1b) is a time-dependent quantum system. To deal with the problem, a unitary transformation
is introduced, and states in (1) become ( )
, where " † " denotes conjugate, "^" denotes states before unitary transformation. After this transformation the system (1) is represented by:
It can be seen that the dynamic system (2a) is governed by the new Hamiltonian 
Eq. (3) means that the target state (3) in (2b) is the initial state 0 f ρ of the original target system (1b), and the tracking problem is changed into the state ( ) t ρ transfer problem after the transformation. In the remainder of this paper, we replace the initial state of the target system with target state for convenience.
Comparing system (1) with (2a) and (3), one can see that:
1) The system (1) is autonomous but the (2) is not. 
There are three kinds of Lyapunov functions often used [20] . Here the Lyapunov function based on virtual physical quantity P is chosen:
where P is the observable operator, which is also called a virtual mechanical quantity operator.
To obtain a stable control law, the first-order time derivation of function (4) is obtained as:
For the sake of simplicity and availability, we let each item on the right side of (5) of summation sign be non-positive in order to ensure 0 V ≤ . The control law can be derived as:
where, 0 m k > is the control gain to adjust the convergence speed of the system state.
The control law (6) designed by Lyapunov stability theorem with Lyapunov function (4) will realize the orbit tracking of a free-evolutionary target system (1b). However, control law (6) is only a stable control, which can not guarantee that the system will converge to target state. For this reason, we need to do further study to get the convergence conditions, which will guide people to design a convergent control law. Next, we study this problem in detail.
Convergence analysis
In Sec. 3 we complete the task of changing the orbit tracking into the state transferring by means of the unitary transformation, and the desired target becomes a time-invariant state 0 f ρ . In fact the variety of quantum states, such as eigenstate, superposition state and mixed-state, produces the different forms of target state. Generally, the target states in density matrix can be divided into two kinds. The first one is diagonal target states including eigenstates and some mixed-states, which can be represented by a diagonal density matrix. So far, the convergence analysis of eigenstates has been well solved [13, 20] . Some research results have also been obtained for diagonal mixed-states [24] . The second kind is non-diagonal target states including superposition state and some mixed-states. It is so far unresolved fully.
In the existing research results, for autonomous system (1) 
where j is the eigenstate associated with j λ . Because of the unitary evolution of closed quantum system, if the target state is reachable, which must be unitarily equivalent to the initial state, i.e., there exists a unitary transformation
as Assumption 3. However, on the one hand, the LaSalle's invariant principle fails to deal with the situation in this paper because the system (2) is a non-autonomous system. On the other hand, based on the above three assumptions, the "Lyapunov-like lemma", which is also called improved Barbalat lemma, can be applied to the non-autonomous system with the following contents [25] : If scalar function ( )
By selecting the Lyapunov function (4) in this paper, one can find that all the three conditions of Lyapunov-like lemma mentioned above are satisfied: (1)
is lower bounded for a positive P ; (2) Its first order derivative of ( )
, V x t is negative semi-definite under control law (6); (3) The third condition can be replaced by the existence and continuity of the second derivation of ( )
, V x t . In our paper, ( )
According to the Lyapunov-like Lemma, the first derivation of the Lyapunov function (4) converges to zero for t → ∞ , viz.,
, 0
The trajectory of controlled system (2) under Lyapunov function (4) will converge to the limit set at t → ∞ , which is denoted as 1 R . The states that make Eq. (5) be zero make up the set 1 R :
where, s ρ denote critical stable points of system (2), and
According to the formula of control law (6), the states in 1 R satisfy 0 f = . For the non-autonomous system (2), if
To increase the convergence probability of target state, one way is to shrink this limit set 1 R . And then Proposition 1 is obtained:
Proposition 1: According to Assumption 1 and 2, the limit set 1 R in (7) can be redefined as:
, where D is a diagonal matrix.
The proof of proposition 1 is seen in Appendix 1.
There are two significant points: 1) If P is chosen as a diagonal matrix, then limit set is reduced to { } Based on the above analysis, we would choose P with different eigenvalues and satisfy the condition of lemma 1. Then it means that the critical points s ρ of (2) and P are commutative, and the limit set 1 R is reduced as:
In the following content, it is shown that there cannot be only one option for P. We can always choose a suitable P to get a limit set as (8) .
The system (2) will converge to limit set (8) . Whether the system converges to the target state depends on the relative positions among target state and controlled initial state and the other stable states. To make the system converge to target state, the following condition is needed, viz. [24] :
There are three things needed to do according to (9) : 1) the target state f ρ must make the Lyapunov function (4) be in its minimum value; 2) the initial state 0 ρ makes the value of (4) (9) is satisfied, the system (2) started with initial state 0 ρ will uniquely converge to target state.
Eq. (9) is the condition to ensure the convergence of the controlled system. How to realize (9) is another key study in this paper. We'll focus on how to construct P to meet (9) in next Section and concentrate on the instruction of structure of P which is satisfied (9) for the diagonal and non-diagonal target states, respectively.
The case of diagonal mixed target state
The states with diagonal density matrixes include eigenstates and mixed-states. Ref [13, 20] gave the concrete convergence conditions for target state with eigenstates, and ref [24] proposed the convergence condition for diagonal mixed-states but not indicated how to design convergence parameters. On the basis of [24] , we'll analyze detailedly how to construct the virtual mechanical quantity P in Lyapunov function to meet condition (9) . order to construct a P satisfied (9), three steps need to be performed:
Firstly, P is constructed to make f ρ be the point corresponding to the minimum of Lyapunov function (4), which is realized by the following lemma 2: 
The proof of Lemma 2 is in Appendix 2.
Secondly, based on Lemma 2, a further study on P is carried and the (9) is divided into two parts:
indicates that the value of function (4) on initial state is larger than that of target state. Otherwise, it is inconsistent with the monotonically decreasing of (4) and the target state will be unreachable. It is easy to obtain ( ) ( ) ( ) 
Maybe there are more than one k to satisfy holds, then the following expression is workable:
The above process is to construct P for mixed-states with diagonal density matrix. We conclude that: if the target state is of diagonal, a Hermitian and positive diagonal matrix P is selected. To ensure convergence, the diagonal elements of P must satisfy lemma 2 and Eqs. (10) and (11) simultaneously. In addition to this, we choose non-negative diagonal elements for P to ensure its positivity.
The case of non-diagonal target density matrix
It is more complicated to analyze the convergence for the non-diagonal target state. The idea is as follows: the non-diagonal target state is changed into a diagonal matrix, and then P is designed by using the method mentioned in 4.1. However, one needs notice that the superposition state is a kind of pure states, which can be represented by wave functions as ρ ∈R and Lemma 3, P can be described as:
And s ρ should be:
It is known that the state 0 ρ and s ρ have the same spectrum under the unitary evolution, therefore s ρ has the same eigenvalues with 0 ρ , so does the target state f ρ . To make the system be asymptotically stable, (9) is needed. If Combined Eq. (14) with Eq. (9), a suitable P can be constructed to satisfy: ( ) ( ) ( )
Substituting
It can be seen from (15) that P may not be a diagonal matrix for non-diagonal superposition target state. The P constructed based on (12) and (15) 
In this paper, let ( ( ) ( )
where k g is the weight coefficient corresponding to k p . Eq. (16) In conclusion, we have acquired the convergence conditions for non-diagonal target states.
Applications and experimental results analyses
The trajectory of quantum state in a two level system can be described by the point's trajectory in Bloch sphere, so in this Sec. a two level atom system controlled by a single control field is considered. The effectiveness of the proposed method will be illustrated. For this two-level system, we denotes 1
as the basic vectors of 0 H . According to (6) , the control law is ( ) ( ) ( )
. This example satisfies the three conditions in Section 4.
The case of non-diagonal superposition target state
The initial state of (1a) is According to (12 (2) Illustrations of system simulation experiments
The control gain in (6) is selected as
The control law (6) with P designed in Sec. 4 is applied to the system (2). Simulation experimental results are showed in Fig.1 in which Fig.1 (a) shows the state transferring process during the time . Fig.1 (b) is the control field. Red circle denotes the initial state of controlled system and blue circle is the target state; red line is the trajectory of the controlled state from initial point to its final point and the arrow indicates its transferring direction. To illustrate better the effectiveness of control strategy proposed in this paper, the control field Fig.1(b) is applied to the origianl system (1a). The tracking results are showed in Fig. 2 , where red dashed line is the evolution curve of controlled state in (1a) and blue solid line is the one of target state in target system (1b); red circle and blue circle indicate the initial location at the current period of the controlled state and the target state, respectively; the arrow indicates the direction. The evolution trajectory during the time [0, 8] t ∈ a.u. is showed in Fig.2(a) . What one can see the controlled system is asymptotically convergent to the target system on the Bloch sphere. Fig.2 (b) is the state trajectory during the time [8, 30] t ∈ a.u. and Fig.2(c) is the magnified bottom view of Fig.2 (b) . We had specially labeled the different locations with black box. It can be seen from Fig.2(c) According to the weight coefficient k g defined in Eq. (16), the relationship between the two eigenvalues of P is propotional. In this part, the experiment is used to demonstrate the effects of performance index produced by different cofficients k g in the case that other parameters remain unchanged. In the experiments, 2 g was selected as 3,6,12, respectively. The performance index is . Fig.3 shows the influence of different 2 g on performance index, where the solid line is for 2 g =3; the dot line and the dashed line are for 2 g =6 and 2 g =12, respectively. We also drawn the performance index in 100< t < 150 in Fig.3 . was achieved at t = 123.9 a.u. for 2 g = 3. It can be found that the coefficient 2 g determines the convergent rate.
The larger 2 g , the faster rate.
The case of non-stationary mixed initial target state
The initial states of (1a) and ( 
holds. Control gain in (6) is =2 k . Fig. 4 is the state transferring process of non-diagonal mixed target state in which Fig.4 (a) is the evolutionary trajectory, red circle denotes the initial state of controlled system and blue circle is the target state; red line is the trajectory of the controlled state from initial point to its final point and the arrow indicates its direction. Fig.4 (b) is the control field. In a summary, for the initial target state, included diagonal ones and non-diagonal ones, the controlled system will converges to its target system under the control law (6) with P designed as proposed in section 4. 
Conclusion
In conclusion, we have proposed a control method for orbit tracking of free-evolutionary target quantum systems. The unitary transformation was used to change the tracking problem into the regulation one. For the convergence analysis in the process of state transferring, the target states are divided into diagonal state and non-diagonal state. For the former, based on the full study of eigen-target state, we studied the convergence of diagonal mixed-states in depth. The explicit convergence conditions of virtual mechanical quantity P were obtained. For the non-diagonal target state, if the target state was a superposition state, a specific non-diagonal P was designed to ensure the convergence. If the target state was a non-diagonal mixed-state, there must be a unitary transformation to change the Hermitian non-diagonal matrix into the diagonal matrix, and in such a case the convergence conditions could be obtained just as in the case of diagonal mixed-state. Based on the proposed control strategy, the orbit tracking is realized under the control of Lyapunov method. The control strategy proposed in this paper will be functioned under two assumptions mentioned, these assumptions are rather harsh. In practice, they may be non-existent. An implicit Lyapunov method has been proposed [18, 26] , which can be used to design the suitable control laws for those systems which do not satisfy the assumptions. > > > n p p p is got by the above description. One of the P is =-f P ρ , which is common in [14] . For any other states s ρ in limit set R can be obtained by m times swapping arbitrary two elements of { } 
